The framework to describe the out of equilibrium free electrons in cold plasmas is developed assuming the electron entropy is defined through the Boltzmann H-theorem. Our theory explains why the Saha-Boltzmann relation among higher-lying excited states by means of the electron kinetic temperature is fulfilled, even when free electrons are far from equilibrium. The 
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The understanding and characterization of non-thermal plasmas is without doubts one of the most relevant problems in the next decades. Their continuous appearance in space science, nuclear fusion, nanotechnology or biomedical applications (see for instance [1] [2] [3] [4] [5] [6] [7] ), among others, are posing numerous challenges concerning their dynamics and properties. Unlike thermal plasmas, which may be considered at Local Thermodynamic Equilibrium (LTE), nonthermal plasmas behave as multiple interacting fluids with different dynamics: heavy neutral particles are usually assumed in LTE whereas free electrons are far from LTE and described by means of the Boltzmann kinetic equation [8] . Both fluids, heavy neutral particles and electrons, interact through elastic and inelastic processes that affect the bounded electron density in excited states, which also deviate from LTE. A common quantity to describe the free electron population is the so-called electron kinetic temperature, e T , whose definition is extrapolated from a LTE relation 
where B k is the Boltzmann constant and  the electron mean kinetic energy. Eq.(1) contrasts with the definition of temperature made through thermodynamic principles and related to the changes of entropy with energy. In fact, the thermodynamic definition of temperature is inherently connected to the concept of thermal equilibrium, by which two interacting systems reach a steady state defined by a common value of their temperatures. Since Eq.(1) extrapolates a LTE relation for a non-LTE system, the kinetic temperature, as such, should be understood as a measure of  with no thermodynamic implications.
Despite the considerations above, theoretical and experimental evidences in the literature show that there is an ionization/recombination balance between the (out of equilibrium) free electrons and higher-lying excited states of neutral particles defined by the electron kinetic temperature: more than two decades ago, Fujimoto et. al [9] and van der Mullen [10] published two seminal works about the thermodynamic equilibrium in non-thermal Hydrogen-like plasmas. These works pointed out that higher-lying excited states, defined by an effective quantum number, p , fulfilled the relation 
i.e., the Boltzmann LTE relation between levels at temperature e T . Although Fujimoto and van der Mullen found this result assuming a Maxwellian electron distribution function (EDF), similar results have been obtained in situations where the EDFs were far from the Maxwellian functional form. In reference [11] , the homogeneous Boltzmann equation for the free electrons was solved using the two terms Legendre expansion approximation [8] , finding again Eq. (2) with x between 5.5 and 6.5.
From an experimental point of view, there are numerous evidences of the abovementioned ionization-recombination balance with free electrons, mostly thanks to optical emission spectroscopy data collected from radiative decays of upper excited states of neutral particles in plasmas produced at the laboratory: in reference [12] , for instance, a microwave argon discharge at atmospheric pressure was analyzed finding that the relation   /1 SB pp nn holds when 3 p  . Also, in reference [13] the thermal inequilibrium of a non-thermal, atmospheric helium microwave plasma was studied through optical emission spectroscopy, obtaining that the population density of neutral particles excited states also followed Eq. (2) [14] , where a helium plasma jet was studied, and where it is concluded that an ionization/recombination balance between free electrons and upper excited states was established. Moreover, a non-thermal plasma of mercury is analyzed in reference [15] , finding that the population density of the excited states above the level 6 3 D3 fulfills the relation
. These are results from some selected papers in the literature, but there are numerous evidences of this behavior in many situations (see for instance refs. [12] [13] [14] [15] [16] [17] and references therein). The existence of this balance is explained by considering the high interaction rate between free electrons and higher-lying excited states, caused by the low energy threshold for electron-induced collisional ionization/recombination processes [18] . Lowerbounded excited levels, on the other hand, deviate from this balance because direct electroninduced ionization processes do not dominate over other radiative, diffusive or excitation processes.
The experimental evidence described above poses different fundamental questions on the behavior of cold plasmas, and particularly:
How a system out of equilibrium (free electrons) may impose a typical LTE balance over higher lying excited levels of neutral particles?, and II. Why is such LTE balance governed by the electron kinetic temperature?.
Indeed, the existence of a Saha-Boltzmann balance between excited levels by means of the electron kinetic temperature, Eqs (3-4), for so many different cold plasmas, with different chemical composition and when electrons are out of equilibrium, strongly suggest that this balance emerges thanks to a general thermodynamic principle valid for equilibrium and nonequilibrium systems. The concept of thermodynamic quantities for non-LTE systems has been widely discussed in the literature in many situations [19] [20] [21] , and is still an open problem of the outmost relevance for general systems far from equilibrium [22] . In this letter we develop a theory to study the interaction of free electrons with other systems through the definition of entropy given by the Boltzmann H-theorem. Our theory successfully explains why the SahaBoltzmann relation still holds when electrons are out of equilibrium, and introduces new quantities, such as the thermodynamic temperature or thermodynamic chemical potential, that help describe the non-equilibrium free electrons in a general out of equilibrium framework.
We call ( , , | ) 
S t k d r d v F t r v F t r v N s
and calculating the derivative of the entropy with respect to 
which is the free electrons equation of state. However, given the relation between internal energy and kinetic energy of the electrons in Eq. (7), we expect that the condition 
The definition of electron temperature through the CAP-entropy in Eq. (9) 
it is found that th ee TT  (in appendix A we show an original demonstration of this statement).
Remarkably, the form of the EDF in Eq. (12) is widely employed in the description of the free electron population in non-thermal plasmas: for instance, the Maxwellian or the Druyvestein EDFs, as well as other fitting expressions employed in the literature for laboratory plasmas [24] . Furthermore, the well-known Kappa distribution [25] , widely used in space plasmas, also possesses same mathematical form. Therefore, in all these cases, the relation th ee TT  holds.
In general, the EDF does not have the form given in Eq. (12) . In order to check the relation between both temperatures in a more general context, we have solved the homogeneous steadystate Boltzmann equation in the two terms Legendre expansion approximation [8] using the software BOLSIG [26] [27] . This software is well-accepted and tested in the literature for non-thermal plasmas produced at the laboratory, and has been successfully applied in many cases for non-magnetized plasmas (see for instance [27] [28] [29] 
 
). We constrained our study within these ranges in order to have typical values in non-thermal plasmas produced at the laboratory and typical astronomical plasmas. It is worthy to mention that, strictly speaking, the EDF of molecular gases must be calculated by considering the vibrational distribution function of the ground state of the molecules, as well as any possible dissociation mechanism [32] [33] , processes that BOLSIG does not take into account. Therefore, our results may include some inaccuracies due to these facts. First remarkable result is the very weak dependence between s and e n for a given value of  : in all the studied conditions, the in all the studied conditions. Hence, using Eqs. (1) and (9) we obtain th ee TT  .
This indicates that definitions as different as that of e T , connected to the mean kinetic energy of free electrons, and that of th e T , linked to the relation between entropy and energy, yield same values in typical conditions. Making use of Eqs. (7), (11), (13) and (14) 
i.e., the thermodynamic chemical potential of the free electrons has the same form as that of an ideal gas (within the limits of the kinetic theory of gases). Thus, following a parallel deduction to that in ref. [34] (where free electrons are treated as an ideal gas at a temperature equal to the kinetic temperature) the ionization-recombination balance The three results above explain the numerous evidences on the existence of higher lying excited states in cold plasmas that follow the Boltzmann distribution according to the electron kinetic temperature, even when free electrons are out of equilibrium. Of course, when ions or other species play a significant role in the ionization mechanisms of the higher-lying excited states in the plasma, the ionization-recombination balance with free electrons may be disrupted. Indeed, in this letter we have not analyzed why such balance emerges, but rather the validity of eqs. (3) (4) when this balance is induced by out of equilibrium electrons. Finally, we want to stress that, although we have deduced our theory for global systems, it can also be extrapolated to local behaviors.
In this letter we have developed a framework to describe the out of equilibrium free electrons in cold plasmas that has explained the validity of the Saha-Boltzmann balance among higher-lying excited states by means of the electron kinetic temperature. Moreover, in the course of this investigation, a set of new thermodynamic quantities have been introduced that define the out of equilibrium free electrons and their properties when their interaction with another system is governed by a maximum of entropy.
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